1. Introduction {#sec1-biomedicines-02-00384}
===============

Cancer metastasis greatly complicates the treatment of solid tumors. Cells derived from tumors primarily use the vascular and lymphatic systems as networks for transport to and colonization of distant sites. The rate at which individual cells detach from tumors and enter circulation can be significant \[[@B1-biomedicines-02-00384]\], allowing large numbers of tumor cells to be detected in circulation and allowing for the establishment of numerous micrometastatic lesions in distant target tissues. Micrometastases, consisting of only a few tumor cells can remain dormant for extended periods, decades in the case of some tumor types, before suddenly switching from this dormant state and initiating rapid tumor growth \[[@B2-biomedicines-02-00384]\]. How micrometastases are established and maintained, as well as how they move beyond dormancy, remains unclear.

For many tumor types, cancer stem cells play an important role in successful cancer metastasis \[[@B3-biomedicines-02-00384],[@B4-biomedicines-02-00384]\]. Unlike more differentiated tumor cell types, cancer stem cells have the ability to reconstitute an entire tumor from even a single cancer stem cell precursor \[[@B5-biomedicines-02-00384]\]. Besides this, cancer stem cells also exhibit other critical properties. They tend to be more resistant to chemotherapeutic drugs than bulk cancer cells \[[@B6-biomedicines-02-00384],[@B7-biomedicines-02-00384]\]. Cancer stem cells are a tumor cell subpopulation, whose frequency in the total tumor cell population ranges from extremely rare to abundant \[[@B8-biomedicines-02-00384]\]. The abundance of the cancer stem cell subpopulation in different cancer cell lines explains the variability in the number of injected cancer cells required to successfully establish a tumor *in vivo* \[[@B9-biomedicines-02-00384]\]. While the dogma has been that stem cells are only repopulated from other stem cells, there is much evidence that calls this idea into question \[[@B10-biomedicines-02-00384],[@B11-biomedicines-02-00384]\].

Mesenchymal cells play a similarly important role in cancer metastasis. In tumors of epithelial origin, mesenchymal cells exhibit a dramatically reduced epithelial phenotype. Instead of demonstrating polarity and the cell-cell adhesion typical of epithelial cells, mesenchymal cells are highly invasive, migratory and solitary. Like cancer stem cells, mesenchymal cells also tend to be more drug resistant \[[@B12-biomedicines-02-00384]\] and occur as a subpopulation of varying proportion within the tumor cell type. There is persuasive evidence that mesenchymal cells act as cancer stem cells in epithelial tumor populations \[[@B10-biomedicines-02-00384],[@B11-biomedicines-02-00384],[@B13-biomedicines-02-00384]\].

Mesenchymal cells are generated when epithelial cells are triggered to detach from the epithelial tissue and initiate invasion and migration as solitary cells, a process termed epithelial-mesenchymal transition (EMT). This process is thought to occur in solid tumors and to play a fundamental role in cancer invasion and metastasis \[[@B14-biomedicines-02-00384],[@B15-biomedicines-02-00384]\]. EMT in development and cancer is initiated by a number of cellular signaling pathways, notably by activation of the c-Met receptor tyrosine kinase \[[@B16-biomedicines-02-00384]\]. c-Met is the receptor for hepatocyte growth factor (HGF)/scatter factor \[[@B17-biomedicines-02-00384]\]. Its activation drives epithelial scattering *in vitro* \[[@B18-biomedicines-02-00384]\], and has more recently been linked to cancer stem cell phenotypes \[[@B19-biomedicines-02-00384],[@B20-biomedicines-02-00384],[@B21-biomedicines-02-00384]\] and resistance to apoptosis \[[@B22-biomedicines-02-00384]\].

The current paradigm suggests that EMT events drive metastasis by producing mesenchymal cells that escape the primary tumor and migrate to distant sites, whereby they can revert to an epithelial state. However, the connection between EMT and cancer stem cells might have important implications beyond dissemination and colonization of metastatic disease. It has been postulated that EMT events might contribute to later events in metastasis, including dormancy \[[@B23-biomedicines-02-00384]\]. However, exploring how EMT events might contribute to the dormancy of tumors has proven difficult to address experimentally \[[@B24-biomedicines-02-00384]\].

Mathematical models of tumor cell populations with a stem cell subpopulation have been successfully used to understand how stem cell populations affect cancer biology in both solid tumors and leukemias \[[@B25-biomedicines-02-00384],[@B26-biomedicines-02-00384],[@B27-biomedicines-02-00384],[@B28-biomedicines-02-00384],[@B29-biomedicines-02-00384]\]. In this work, we analyze how the rates of EMT, proliferation, senescence and cell death affect population dynamics in a model for dormant tumors. Our goal is to define how changes in each of these cellular properties affects the maintenance of a dormant population dynamic. We use a highly generalized, abstract model in the hope that some broadly applicable hypotheses about dormancy emerge.

In our chosen model for micrometastatic tumors, a progenitor cancer stem cell that has already colonized a distant tissue divides asymmetrically to generate one stem and one differentiated epithelial progenitor cell. The differentiated epithelial progenitor cell can divide some number of times before becoming senescent; we do not explicitly model senescence, since we consider senescent cells inert from a tumor progression standpoint. In this simple model for tumor population dynamics, tumors arising from single colonizing progenitor cells rapidly reach a stable equilibrium with small numbers of cells, reminiscent of a dormant micrometastatic tumor that would result from balanced proliferation and cell death \[[@B30-biomedicines-02-00384]\]. Most of the tumor cells in these micrometastatic lesions are epithelial, with very few mesenchymal cells. We combine stochastic and deterministic approaches to show how alterations in apoptosis, proliferation and the occurrence of EMT influences the behavior of these "dormant" micrometastatic tumors. Variations in the rate of EMT dramatically alter the behavior of the metastatic tumor population, much more so than alterations in the rates of apoptosis, proliferation or capacity for multiple rounds of cell division, suggesting that EMT events can have a strong effect on the maintenance of a dormant state. Finally, we also model the chemotherapeutic treatment and recovery of these tumors, including under conditions where EMT is prevented. The implications of these findings are discussed.

2. Results {#sec2-biomedicines-02-00384}
==========

2.1. Deterministic Population Dynamics of Dormant Metastatic Tumors {#sec2dot1-biomedicines-02-00384}
-------------------------------------------------------------------

Micrometastatic tumors can remain dormant, and undetectable, for significantly extended periods before suddenly entering a growth phase that gives rise to large, rapidly growing tumors. How tumors remain and exit dormancy remains poorly understood. While the role of cells with cancer stem cell properties in maintaining micrometastatic tumors is accepted, the implications of generating cancer stem cells from EMT events has not been carefully studied in the context of tumor dormancy. We sought to understand the population dynamics of metastatic tumors that arise from a single colonizing, stem cell property-bearing cell using deterministic models. Ordinary differential equation (ODE) models enable the study of the dynamical behavior of cellular species, such as cancer cell populations, and have been used extensively to this end \[[@B31-biomedicines-02-00384]\]. The recent understanding of the relationship between mesenchymal cells or EMT and cancer progression has only been addressed using a modeling approach in a few pioneering studies \[[@B32-biomedicines-02-00384],[@B33-biomedicines-02-00384]\], the most notable of which used mathematical modeling to study whether EMT or rapid expansion of stem cell populations better accounted for the ability of breast cancer cells to form mammospheres in culture. To our knowledge, no model includes EMT as it relates to the cancer stem cell paradigm in the context of metastatic tumor dormancy.

Here, we develop a simple model that describes the population dynamics of mesenchymal (stem-like) cells, *M*, and epithelial (differentiated) cells, *E*; the schema shown in [Figure 1](#biomedicines-02-00384-f001){ref-type="fig"}A. We consider two different forms of feedback controlling the growth of epithelial cells. First, a linear feedback model is discussed; then, we introduce saturated feedback as an alternative growth-limiting mechanism. This saturated feedback model is analyzed in detail. Both models are based on those developed by Johnston *et al.* \[[@B25-biomedicines-02-00384]\], and both models give rise to a highly stable population equilibrium that might represent a dormant metastatic tumor under the balanced proliferation model \[[@B30-biomedicines-02-00384]\].

![Tumor population dynamics in models of cancers derived from pioneering stem cells. (**A**) Diagrammatic description of the basic model with *M* (mesenchymal cells), *E* (epithelial cells) and their rate parameters; (**B**) trajectories for *M* (grey lines) and *E* (black lines), for the two model variations and two different values of $\beta_{3}$ (senescence of *E*).](biomedicines-02-00384-g001){#biomedicines-02-00384-f001}

In the case of linear feedback, senescence of epithelial cells is determined by a factor (the saturation term) that is proportional to the current population size (kE) \[[@B25-biomedicines-02-00384]\], and we have: $$\begin{aligned}
\frac{dM}{dt} & {= \left( \alpha_{1} - \alpha_{2} - \alpha_{3} \right)M} \\
\end{aligned}$$$$\begin{aligned}
\frac{dE}{dt} & {= \alpha_{2}M + \left( \beta_{1} - \beta_{2} - \beta_{3} - kE \right)E,} \\
\end{aligned}$$ where *M* and *E* are the population sizes of mesenchymal and epithelial cells, respectively, and all of the parameters used are described in [Table 1](#biomedicines-02-00384-t001){ref-type="table"}. Equation (4) can be solved analytically, $$\begin{array}{r}
{M\left( t \right) = M_{0}e^{\alpha t}} \\
\end{array}$$ where $\alpha = \alpha_{1} - \alpha_{2} - \alpha_{3}$ and $M_{0}$ is the initial population size of *M*. This gives simple exponential growth or decay for positive or negative *α*, respectively.

Motivated by the linear feedback model, we next consider a saturated feedback model, where senescence of epithelial cells ($\beta_{2}$) is governed by the epithelial population size, but with a maximum per-capita growth rate limitation that modifies the saturation term \[[@B25-biomedicines-02-00384]\]. Thus, the model is specified by:$$\begin{aligned}
\frac{dM}{dt} & {= \left( \alpha_{1} - \alpha_{2} - \alpha_{3} \right)M} \\
\end{aligned}$$$$\begin{aligned}
\frac{dE}{dt} & {= \alpha_{2}M + \left( {\beta_{1} - \beta_{2} - \beta_{3} - \frac{kE}{1 + mE}} \right)E,} \\
\end{aligned}$$ where the parameters are described in [Table 1](#biomedicines-02-00384-t001){ref-type="table"}.

biomedicines-02-00384-t001_Table 1

###### 

The parameters that describe the linear and saturated feedback model. The values given are those used for the simulation of the saturated feedback model. The units of all of the *α* and *β* are $\left\lbrack 1/div \right\rbrack$, where $div$ is the time for one cell division in days. The unit of *k* is $\left\lbrack 1/Ndiv \right\rbrack$, and the unit of *m* is $\left\lbrack 1/N \right\rbrack$, where *N* is the number of cells of species *E* at time *t*. EMT, epithelial-mesenchymal transition.

  Parameter      Value    Definition
  -------------- -------- ----------------------------------------------------
  $\alpha_{1}$   0.32     Proliferative capacity of *M*
  $\alpha_{2}$   0.32     Differentiation of $\left. M\rightarrow E \right.$
  $\alpha_{3}$   0.02     Cell death of *M*
  $\beta_{1}$    0.87     Proliferative capacity of *E*
  $\beta_{2}$    0.25     Senescence of *E*
  $\beta_{3}$    0.4      Cell death of *E*
  $\beta_{4}$    0.0025   Rate of EMT
  *k*            0.0026   Defines carrying capacity of *E*
  *m*            0.0036   Defines maximum per-capita growth rate

Initially, cell death is not considered in either tumor cell subpopulation ($\alpha_{3} = \beta_{3} = 0$), the same situation that we later apply to a stochastic model. Furthermore, we assume that only asymmetric cell divisions occur for *M*; then, $\alpha_{1} = \alpha_{2}$, and we observe homeostatic conditions: $\frac{dM}{dt} = 0$. No change in the stem cell population size occurs; a single pioneer stem cell remains the sole stem cell in the tumor cell population. Under these conditions, *M* acts as an effective parameter in Equation (2). When we introduce the effect of EMT on the system, we will have $\frac{dM}{dt} \neq 0$. In [Figure 1](#biomedicines-02-00384-f001){ref-type="fig"}, trajectories of *M* and *E* are shown for the two forms of the model. Refinement of the model to include cell death in *E* alters the population equilibrium and the trajectory to which the populations arrive at the equilibrium, but the system remains one where a stable population equilibrium persists. Similarly, altering the rate of proliferation in *M* and *E* or the number of cell divisions that *E* can undergo prior to senescence has similar effects; the trajectory of the population dynamics is altered, but the system still arrives at a stable equilibrium dynamic. In short, alterations in cell death, proliferation or the capacity of cells to continue to divide does not fundamentally alter the growth dynamics of the tumor cell populations beyond forcing the system to find a new stable equilibrium. Unless these parameters are dramatically shifted, likely beyond what might be physiologically plausible, it appears they might not be sufficient to allow metastatic tumors to exit dormancy. All simulations and sensitivity analysis of the ODE models were performed in MATLAB (R2013a; The MathWorks, Natick, MA, USA).

2.2. EMT Dramatically Alters Population Dynamics in the Deterministic Model {#sec2dot2-biomedicines-02-00384}
---------------------------------------------------------------------------

After defining the model under constraints outlined in the previous section, we then add EMT through an additional term to examine how it affects tumor dormancy ([Figure 2](#biomedicines-02-00384-f002){ref-type="fig"}A). The equations for the saturated feedback model thus become: $$\begin{aligned}
\frac{dM}{dt} & {= \left( \alpha_{1} - \alpha_{2} - \alpha_{3} \right)M + \beta_{4}E} \\
\end{aligned}$$$$\begin{aligned}
\frac{dE}{dt} & {= \alpha_{2}M + \left( \beta_{1} - \beta_{2} - \beta_{3} - \beta_{4} - \frac{kE}{1 + mE} \right)E.} \\
\end{aligned}$$

The parameters are as above, and the values used for simulations are also given in [Table 1](#biomedicines-02-00384-t001){ref-type="table"}. The parameter values chosen reflect the physiological conditions that we expect to observe in a clinical scenario. Given data on cell doubling times in cancer cell lines, we can set bounds on the values that parameters should take and, thus, ensure our model fits closely with the biological systems in question. The range of cell doubling times, as reported by Stinson *et al.* \[[@B34-biomedicines-02-00384]\], is from 0.725--3.31 days (17.4--79.5 h); thus, we constrain proliferation rates to lie within the range of 0.302--1.38 cell divisions per day. For the simulation, we set $\alpha_{1}$, the proliferation rate of *M*, to $\alpha_{1} = 0.32$, at the lower end of this range, since we expect stem-like cells to cycle slowly. We set $\beta_{1}$, the proliferation rate of *E*, to $\beta_{1} = 0.87$, since we expect the epithelial population to have a faster rate of turnover. For the remaining parameters, where estimates from the literature were not available, we estimated values within the same order of magnitude as ($\alpha_{1},\beta_{1}$) and then studied them further within these ranges, as we describe below.

We first explored how variations in epithelial cell senescence and cell death (parameters $\beta_{2}$ and $\beta_{3}$, respectively) affected our model in conditions where EMT does no occur ($\beta_{4} = 0$). Simulations show that populations grow from a single mesenchymal cell to reach a stable steady-state population. Changing senescence and cell death alters the steady-state population and how quickly this steady state is achieved. We therefore chose parameter values that would maintain a small micrometastatic tumor in a dormant steady state for further consideration.

As shown in [Figure 2](#biomedicines-02-00384-f002){ref-type="fig"}, when EMT is present ($\beta_{4} > 0$), our model predicts that no steady state is reached, at least for conditions where mesenchymal cell death is ignored ($\alpha_{3} = 0$). With the highest rates tested, exponential growth of both cell populations is observed, and the size of the mesenchymal stem cell population eventually exceeds that of the differentiated epithelial cell population. For lower, and likely more biologically relevant, rates of EMT, the size of the mesenchymal population is brought below that of the epithelial population, and the overall growth curve changes shape from exponential to nearly linear. Nevertheless, these tumors do not reach a steady state and grow continuously.

![Effect of EMT on the size of metastatic tumors. (**A**) Modified model diagram, including EMT; (**B**) each plot shows the trajectories of *M* and *E* for different values of $\beta_{4}$ (rate of EMT). As $\beta_{4}$ is increased, the dynamics change from close-to-equilibrium to exponential growth, where eventually, the size of *M* will overtake *E*.](biomedicines-02-00384-g002){#biomedicines-02-00384-f002}

We then study how mesenchymal cell death ($\alpha_{3} > 0$) affects the population dynamics when EMT occurs at a rate where tumor growth is rapid, but where mesenchymal and epithelial population numbers do not intersect. Reflecting the ability of stem cells to remain viable for many generations and reducing their susceptibility to undergo apoptosis, we only considered small values of $\alpha_{3}$. With cell death limiting population growth in *M*, the population dynamics are no longer continuous and arrive at some stable equilibrium state. Thus, colonization of a distant site by a single metastatic cancer stem cell can result in the formation of a small metastatic tumor that reaches maximum size and contains a specific ratio of mesenchymal cells and differentiated epithelial cells, as long as EMT and cell death in the mesenchymal cell population are balanced. With a very small number of cells at steady state, this could reflect the dormant state of a micrometastatic tumor. Changes in these parameter values, whether driven by mutation or changes in the tumor microenvironment, would dramatically alter the population dynamics in the tumor in a way that allows uncontrolled tumor growth.

With a model system that maintains a stable steady-state population with a small number of tumor cells, we employ local sensitivity analysis of each model parameter to determine which parameter values have the largest impact on tumor population dynamics. Here, altering values for parameters used for the simulation above allows us to quantify the relative effects of small changes in parameters on model output. We perturb each parameter independently by 5% and then calculate the sensitivity coefficient $\frac{\partial M}{\partial p}$, the change in the species *M* once the system has reached steady state ($t = 500$), relative to parameter *p*. We find that the relative effect of EMT ($\beta_{4}$) is largest; the population dynamics are dramatically altered with small changes in this parameter value. For all other parameters, including cell proliferation and death rates, little effect is seen on the steady-state population abundances of *M* and *E*. The exception is $\alpha_{1}$, which has a moderate effect. (We define parameters with a significant effect on those with sensitivity coefficients greater than 10,000; described in [Table 2](#biomedicines-02-00384-t002){ref-type="table"}.) In short, EMT events have the most dramatic effect on tumor population dynamics, and changes in their probability are the most likely to drive population dynamics away from a steady-state equilibrium (dormancy) and into continuous growth.

biomedicines-02-00384-t002_Table 2

###### 

Sensitivity in model output (steady-state level of *M*) to changes in parameters by ±5%. We see that the parameters with the greatest effect on output are $\beta_{4}$ (the rate of EMT) and $\alpha_{1}$ (the proliferative capacity of *M*).

  Parameter (*p*)   Sensitivity Coefficient ($\frac{\partial M}{\partial p}$)
  ----------------- -----------------------------------------------------------
  $\alpha_{1}$      10,200
  $\alpha_{2}$      1,840
  $\alpha_{3}$      3,260
  $\beta_{1}$       449
  $\beta_{2}$       355
  $\beta_{3}$       358
  $\beta_{4}$       29,700

2.3. Modeling Chemotherapeutic Treatment of Dormant Tumors {#sec2dot3-biomedicines-02-00384}
----------------------------------------------------------

We use the saturated feedback model to study the effects of chemotherapeutic treatments on dormant metastatic tumors. The steady-state concentrations of *E* and *M* can be obtained by setting the left-hand sides of equations to zero and solving for *E* and *M*. There are two sets of solutions. One set of solutions is the non-zero (stable tumor population state), which is described mathematically by: $$\begin{aligned}
E^{*} & {= \frac{\beta_{2}\alpha_{3} + \beta_{3}\alpha_{3} + \beta_{4}\alpha_{3} - \alpha_{2}\beta_{4} - \beta_{1}\alpha_{3}}{\alpha_{2}\beta_{4}m + \beta_{1}m\alpha_{3} - \beta_{2}m\alpha_{3} - \beta_{3}m\alpha_{3} - \beta_{4}m\alpha_{3} - k\alpha_{3}}} \\
\end{aligned}$$$$\begin{aligned}
M^{*} & {= \frac{\beta_{4}\left( \beta_{2}\alpha_{3} + \beta_{3}\alpha_{3} + \beta_{4}\alpha_{3} - \alpha_{2}\beta_{4} - \beta_{1}\alpha_{3} \right)}{\alpha_{3}\left( \alpha_{2}\beta_{4}m + \beta_{1}m\alpha_{3} - \beta_{2}m\alpha_{3} - \beta_{3}m\alpha_{3} - \beta_{4}m\alpha_{3} - k\alpha_{3} \right)}} \\
\end{aligned}$$ whereas the other state that describes a tumor-free state is simply:$$\begin{aligned}
E^{*} & {= 0,M^{*} = 0} \\
\end{aligned}$$

The model parameters chosen ensure that the analytical expressions of the two solutions above are non-negative and biologically plausible.

In the absence of chemotherapy treatment, any initial number of cells $\left( E,M \right)$ will have trajectories that approach the solution given by Equations ([8](#FD8-biomedicines-02-00384){ref-type="disp-formula"}) and (9), indicated by point *A* in the phase plane ([Figure 3](#biomedicines-02-00384-f003){ref-type="fig"}E). By performing stability analysis under this parameter combination, Solution A is the only stable solution, whereas the tumor-free solution (Equation ([10](#FD10-biomedicines-02-00384){ref-type="disp-formula"})) is always unstable, meaning that the system is unable to remain in the tumor-free state.

![Population dynamics in response to chemotherapy. Modeling chemotherapeutic treatment and recurrence; tumor population dynamics before, during and after a treatment regime (denoted by the dashed vertical lines). (**A**) Treatment consisting of an agent that increased cell death ($\beta_{3}$) in the *E* cell population. At the end of treatment, $\beta_{3}$ returns to its pre-treatment level; (**B**) The *E* cell population acquires resistance mutations following treatment ($\beta_{3}$ is lower than before treatment); (**C**) Treatment consisting of an agent that prevents EMT; (**D**) Treatment consisting of both $\beta_{3}$ reduction and EMT prevention in combined therapy. In (C) and (D), recovery was to original pre-treatment parameter values; (**E**) The phase plane plot shows the behavior of the system around the fixed Point A (pre-treatment parameter values) and nullclines. Point B marks the system state after treatment; (**F**) Phase plane plot around the fixed Point C; parameter values after *E* cells have acquired mutations. In both (E) and (F), the fixed points shown are the only stable fixed points for the system in this state.](biomedicines-02-00384-g003){#biomedicines-02-00384-f003}

For our purposes, we model the effects of a chemotherapeutic treatment that increases cell death. First, we consider a treatment that only affects *E* cell death,*i.e.*, we increase $\beta_{3}$ by 33%, while *M* cell death is unaffected. The rationale for how we consider this treatment is based on the observation that mesenchymal cells are frequently highly resistant to chemotherapeutic agents \[[@B12-biomedicines-02-00384]\]. The result is decay in both the mesenchymal and epithelial populations ([Figure 3](#biomedicines-02-00384-f003){ref-type="fig"}A,B) towards new steady-state values; the system moves from Point A to Point B in [Figure 3](#biomedicines-02-00384-f003){ref-type="fig"}E. However, after treatment ends, the parameters revert to their pre-treatment values, and the system returns to the same steady-state solution as before treatment, returning to Point A in [Figure 3](#biomedicines-02-00384-f003){ref-type="fig"}E. This would be true wherever the post-treatment Point B was located, unless total eradication of all cells was achieved. If the tumor cell population goes through a selective pressure that alters the proliferation or cell death parameters, the system will now move to a new steady state. This is modeled in [Figure 3](#biomedicines-02-00384-f003){ref-type="fig"}B,F, where $\beta_{3}$ is reduced below its initial, pre-treatment value, an effect that is meant to mimic acquisition of resistance to cell death following selection by the treatment regimen. Here, still, only one stable fixed point exists for the post-treatment tumor (now Point C); regardless of the starting values of ($M,E$), including Points A and B, the system will return to Point C.

We also tested the effect of a novel chemotherapeutic agent that prevents EMT ($\beta_{4} = 0$). The result of this treatment, in isolation, is a decline in *M* and a much less pronounced decline in *E* ([Figure 3](#biomedicines-02-00384-f003){ref-type="fig"}C). Returning parameter values to prior levels (reflecting the end of the treatment regime) results in the tumor population returning to the prior steady state. Combined treatment was simulated by slightly increasing $\beta_{3}$ and reducing $\beta_{4}$ to zero simultaneously ([Figure 3](#biomedicines-02-00384-f003){ref-type="fig"}D). The result is an increased rate of population decline compared to either single therapy. Notably, the entire mesenchymal stem cell population is eliminated, and only a small number of differentiated cells remain. However, with even a single epithelial cell remaining and the ability to undergo EMT restored following cessation of drug treatment, the entire tumor is restored upon cessation of the treatment regime under this model.

Since the assumption that *M* is completely resistant to chemotherapy may be unrealistic, we now look at the effects of changing *M* and *E* cell death rates simultaneously ([Figure 4](#biomedicines-02-00384-f004){ref-type="fig"}). Interestingly, we see that increasing *M* cell death $\alpha_{3}$ has more of a dramatic effect on the steady-state population size of *E* than increasing *E* cell death $\beta_{3}$.

At the parameter values chosen, the system never arrives at a tumor-free steady state, and regrowth of the tumor from the remaining cells is inevitable. We next ask whether a chemotherapeutic treatment affecting epithelial cell death ($\beta_{3}$) could totally eradicate tumor cells in this system. We find that a transition from a stable tumor population solution to a tumor-free solution can occur at a threshold value of $\beta_{3}$. This threshold can be determined by:$$\begin{aligned}
\beta^{*} & {= \beta_{4}\frac{\alpha_{2}}{\alpha_{3}} + \left( \beta_{1} - \beta_{2} - \beta_{4} \right)} \\
\end{aligned}$$

The first term on the right-hand side describes the extent to which *M* contributes to the production of *E*, and the second term, $\left( \beta_{1} - \beta_{2} - \beta_{4} \right)$, describes the net growth of *E*. When $\beta_{3} = \beta^{*}$, the two solutions (tumor-free state and tumor state) intersect in a so-called transcritical bifurcation and exchange stability ([Figure 5](#biomedicines-02-00384-f005){ref-type="fig"}A). For $\beta_{3} < \beta^{*}$, all solutions converge to a stable tumor population (Equations ([8](#FD8-biomedicines-02-00384){ref-type="disp-formula"}) and (9) and Point A in [Figure 3](#biomedicines-02-00384-f003){ref-type="fig"}E), and the tumor-free state is unstable (Equation ([10](#FD10-biomedicines-02-00384){ref-type="disp-formula"})). When $\beta_{3} > \beta^{*}$, then the population converges on a stable tumor-free state, while the tumor population solution has now become unstable. The model predicts that over time, when the level of cell death (due to chemotherapy) is above $\beta^{*}$ and regardless of the initial population levels, the concentrations of *E* and *M* will approach a stable tumor-free state, whereas below $\beta^{*}$, the system plateaus at a stable tumor population, regardless of the starting population size ([Figure 5](#biomedicines-02-00384-f005){ref-type="fig"}B). Consistent with our model, there is no bifurcation for any value of $\beta_{4}$ greater than or equal to zero, suggesting that variations in the rate of EMT in the tumor population cannot independently drive the system to a tumor-free state.

![Model sensitivity to changes in cell death. We study the effect of increasing the cell death rate of *M* ($\alpha_{3}$) and *E* ($\beta_{3}$) simultaneously. The output is colored by the extent to which the steady state for *E* is shifted ($\Delta E$). Increasing the rate of *M* cell death has a much more dramatic effect than increasing the rate of *E* cell death alone.](biomedicines-02-00384-g004){#biomedicines-02-00384-f004}

![Transition from tumor to tumor-free state by induction of cell death. (**A**) Theoretical dose response curve of stable solutions of *E* and *M* as $\beta_{3}$ is varied; (**B**) solution curves of *E* at two different rates of cell death (by chemotherapy) with different initial numbers of cells. Red curves represent the solution of *E* for $\beta_{3} < \beta^{*}$; blue curves represent the solution of *E* for $\beta_{3} > \beta^{*}$.](biomedicines-02-00384-g005){#biomedicines-02-00384-f005}

2.4. Defining a Stochastic Model of Dormant Metastatic Tumors {#sec2dot4-biomedicines-02-00384}
-------------------------------------------------------------

Given that deterministic models may not accurately reflect the behavior of very small tumor cell populations, where rates substitute poorly for probabilities, we develop a simple stochastic model for tumor population dynamics ([Figure 6](#biomedicines-02-00384-f006){ref-type="fig"}A). A stochastic description of metastasis allows us to study the frequency of tumor recurrence, rather than the rate of recovery. We produce a stochastic model in Python (Python Software Foundation, version 2.7, available at <https://www.python.org>), where a single pioneering cancer stem cell divides asymmetrically, generating a stem and a differentiated progeny cell at each division. While the stem cell can repeat such divisions indefinitely, the resulting differentiated epithelial cell can proliferate for a fixed number of generations, after which the daughter cells become senescent; we refer to this as the generational capacity.

![Generational capacity affects dormant tumor steady-state population sizes in a stochastic model. (**A**) The diagram represents the basic model, where mesenchymal stem cells *M* divide asymmetrically to generate differentiated epithelial cells *E* with a generational capacity (*g*) that measures the number of possible cell divisions that these cells can undergo prior to senescence; (**B**) steady-state population of tumors derived from a single pioneering *M* cell with varying *g*; (**C**) steady-state population sizes over time for tumors derived from a single *M* cell.](biomedicines-02-00384-g006){#biomedicines-02-00384-f006}

In this basic model, the tumor population following metastatic colonization can be easily calculated. Without EMT, the total tumor population rapidly reaches a maximum value, after which it remains constant. The total tumor size *T* is given by:$$\begin{aligned}
T & {= 2^{g}\left( 1 + N_{E} \right)} \\
\end{aligned}$$ where *g* is the generational capacity of epithelial cells and $N_{E}$ denotes the number of EMT events occurring in the tumor. Thus, variation in *g* (that is, the capacity of epithelial cells to undergo rounds of cell division before becoming senescent) affects the steady-state tumor population size and not the rate of growth prior to achieving this steady-state population level ([Figure 6](#biomedicines-02-00384-f006){ref-type="fig"}B,C). For the case in which no EMT events occur, we can immediately derive tumor size from *g* alone. Interestingly, for $g = 20$, $T \approx 1$ million cells ($2^{20} = 1,048,576$), a very small and perhaps undetectable final tumor volume is achieved. Reducing *g* generates tumors that are significantly well below detectable size. Thus, the presence of undetectable metastases can be explained by a tumor cell population that is founded by a single cancer stem cell and in which differentiated cells have a generational capacity of less than 20.

Importantly in this model, cells are lost only by senescence and not by cell death. Factoring in death by differentiated cells reduces the steady-state population size of this tumor cell subpopulation, as well as the rate at which the steady state is reached. Death of the single pioneering cancer stem cell in this model would result in the rapid decline and disappearance of the tumor cell population, as differentiated cells cease to be produced by the pioneering cancer stem cell. The result is a model where a small and highly stable tumor cell population is achieved from a single progenitor cancer stem cell, the model we use for dormant metastatic tumors.

2.5. A Stochastic Model of EMT for Small Differentiated Cell Populations {#sec2dot5-biomedicines-02-00384}
------------------------------------------------------------------------

We now consider the case where EMT occurs ($N_{E} > 0$ in Equation ([12](#FD12-biomedicines-02-00384){ref-type="disp-formula"})) in the dormant tumor cell population ([Figure 7](#biomedicines-02-00384-f007){ref-type="fig"}). We see tumor size *T* increase by a factor $\left( 1 + N_{E} \right)$. Clearly, recurrent EMT events within metastatic tumors will greatly alter tumor size; understanding how the frequency of EMT events might alter the tumor dynamics is critical to understanding metastatic tumor progression. We therefore develop a probabilistic description of EMT occurrences. We define *δ* to be the probability of an EMT event occurring in the E cell population during each cell division, analogous to the deterministic rate of EMT, $\beta_{4}$, modeled previously. We study the occurrence of EMT events as a function of tumor size and time. For each condition, we perform batches of 1000 individual simulations and track the number of individual simulations in which one or more EMT events occurs ([Figure 7](#biomedicines-02-00384-f007){ref-type="fig"}A). For fixed *g*, the occurrence of EMT events within individual simulations appears at a threshold probability. We vary *δ* in computation attempts where tumors are derived from a single stem cell (the differentiated cell population can undergo 18 subsequent divisions before senescence) and where the tumor is tracked for 120 cell generations in total. EMT events occur within a small fraction of the 1,000 individual simulations (1.9%) when $\delta = 10^{- 9}$. The number of simulations in which EMT events occur reaches 25% upon increasing *δ* to $10^{- 8}$ and approaches 100% for even greater values ($\delta = 10^{- 7}$).

![EMT in a stochastic model of dormant tumor recurrence. (**A**) The fraction of tumors in which EMT events occur with a fixed generational capacity of 18 and for different probabilities of EMT; (**B**) the fraction of tumors in which EMT events occur with a varied generational capacity and fixed probability of EMT; (**C**) the fraction of tumors exhibiting specific numbers of EMT events as generational capacity is altered; (**D**) the fraction of tumors exhibiting occurrences of EMT over time, for three different generational capacities; (**E**) the fraction of tumors in which EMT events occur with a varied generational capacity of 18 and fixed probability of EMT. In (**A**--**C**), tumors were initiated from a single precursor *M* cell; while in (**D**), tumors were started from a population of 100 *E* cells. The probability of EMT in (**B**--**E**) was set at $10^{- 7}$.](biomedicines-02-00384-g007){#biomedicines-02-00384-f007}

The generational capacity of the differentiated cell population also greatly affects the frequency of individual simulations demonstrating one or more EMT events ([Figure 7](#biomedicines-02-00384-f007){ref-type="fig"}B). Further, the total number of EMT events within each individual simulation also rises markedly with increases in *δ*; more EMT events occur in more individual simulations as generational capacity is increased ([Figure 7](#biomedicines-02-00384-f007){ref-type="fig"}C). However, the effect of generational capacity on the likelihood of EMT events in batches of simulations is partially an artifact of fixing analysis to a restricted period of 120 total cell generations. No matter the value of *g*, the fraction of trials in which one or more EMT events occurs approaches one as the time of analysis is increased, though the approach becomes more protracted as *g* is reduced ([Figure 7](#biomedicines-02-00384-f007){ref-type="fig"}D).

2.6. Dormant Tumor Recurrence in the Stochastic Model {#sec2dot6-biomedicines-02-00384}
-----------------------------------------------------

We next use this stochastic model to assess the likelihood that a dormant metastatic tumor can recover from chemotherapeutic treatment that has successfully eliminated the entire *M* cell population and leaves only a small population of *E*. This scenario was the result of a largely successful chemotherapeutic campaign in our deterministic model. Using our stochastic model, we perform simulations that start with no mesenchymal cells and a small number of epithelial cells, $E = 10$. In this scenario, recovery of the tumor occurs if an EMT event occurs before the entire population of *E* is lost to senescence. In batches of these trials, the generational capacity of the differentiated cells is varied, but it is assumed that the entire starting population retained its full generational capacity, despite this worst case scenario being unlikely. We count the number of individual simulations within the entire batch showing at least one EMT event, as this would result in reestablishment of the dormant tumor, at a minimum. As expected, the effect is strikingly similar to results started from a single *M* cell; increasing *g* dramatically increases the proportion of individual trials in which EMT events occur ([Figure 7](#biomedicines-02-00384-f007){ref-type="fig"}E), though the number of trials displaying one or more EMT events is much lower. A generational capacity of 18 gives rise to individual simulations with one or more instances of EMT in 233 of 1000 trials. The reduction in the proportion of trials showing EMT as *g* is reduced is dramatic; 11.9% of trials exhibit EMT events when *g* is 17, 6.9% when *g* is 16, 3.7% when *g* is 15 and below 2% when *g* is lower than 14. While small numbers of *E* cells can recapitulate the entire tumor, this occurs in a diminishing number of cases as the generational capacity of tumor cells is reduced.

3. Discussion {#sec3-biomedicines-02-00384}
=============

Dormant metastatic tumors, established from invasive cells that detach from the primary tumor, dramatically affect long-term patient survival. Colonizing cells that establish dormant tumors are thought to exhibit stem cell-like properties that can reconstitute a rapidly growing tumor upon exiting the dormant state. Maintenance of dormancy is not well understood, though widely suspected mechanisms include cell cycle arrest, insufficient vascularization and immune response suppression. Here, we employ a mathematical model of micrometastatic tumors that exist in a dormant state resulting from balanced proliferation and cell death. We use this general and simple model to assess how specific cellular behaviors contribute to the tumor's exit from the dormant state, including the contribution of epithelial-mesenchymal transition (EMT) events. Our goal is to understand the general principles of tumor dormancy as they might apply across a number of cancer types.

In our dormant tumor model, a balanced proliferation model adapted from Johnston *et al.* \[[@B25-biomedicines-02-00384]\], colonizing mesenchymal cells that bear stem cell properties divide asymmetrically to yield a single mesenchymal cell and a single differentiated epithelial cell with each division. Differentiated epithelial cells can undergo a limited number of divisions before becoming permanently senescent. This results in tumors with stable cancer cell populations, the size of which is largely affected by what we term generational capacity (the ability of differentiated cells to undergo repeated cell divisions before becoming senescent) and by the balance of proliferation and cell death. Since this model yields a highly stable population equilibrium, it recapitulates the balanced proliferation model of tumor dormancy \[[@B30-biomedicines-02-00384]\]. A high death rate in the differentiated cell population, a result of a tissue environment that is not well suited to the differentiated cell population, could maintain a low equilibrium tumor size with very few cells.

We find that alterations in parameters affecting proliferation and survival do affect population dynamics in dormant tumors, but do so in such a way that a new equilibrium state is achieved without generating continuous tumor growth. In short, increasing the rate of proliferation, decreasing survival or altering the generational capacity of differentiated cells allows the tumor to reach a larger size at equilibrium, but does not result in continued tumor growth beyond this equilibrium. In contrast, we find that altering the rate of EMT, namely the ability of epithelial cells to revert to a mesenchymal cell type before becoming senescent, dramatically affects population dynamics in such a way that continuous growth can be achieved with relatively small changes in the parameter value. Varying this parameter could result from a stochastic event (such as the acquisition of a random mutation) or a change in the tumor microenvironment, either of which provide a biological explanation for altering the probability of observing EMT.

Modeling the chemotherapeutic treatment of dormant micrometastatic lesions is also informative. A drug that targets the differentiated epithelial cell population (increasing epithelial cell death) drastically reduces the population size. Drugs that prevent EMT do little alone; but good treatment results are achieved when EMT prevention is combined with traditional therapy. Here, the population of mesenchymal cell is reduced to zero, and differentiated cells are almost eradicated, though some differentiated cells remain. In our model, a single mesenchymal cell will recapitulate the dormant tumor upon cessation of therapy. Further, eradication of the mesenchymal cell population is not sufficient to prevent recurrence, as mesenchymal cells can be generated if an EMT event occurs within the residual differentiated epithelial cell population. Our stochastic modeling of tumor recovery from EMT events occurring in small populations of residual differentiated epithelial cells following the end of treatment shows that the probability of tumor recovery can be quite high, presenting a challenge to developing strategies for the eradication of dormant tumors. Continued treatment with an EMT inhibitor until the last differentiated cell reaches senescence is one obvious possibility.

Though we have not directly addressed mutations that confer an unlimited generational capacity to the differentiated epithelial cell population, the results are nonetheless clear: the probability of EMT, and, thus, of tumor recurrence, becomes certain if differentiated cell possess an unlimited generational capacity. Conversely, any treatment that would reduce the generational capacity of the differentiated cells would dramatically improve outcomes in attempts to eradicate dormant micrometastatic tumors.

Dormant metastatic tumors greatly complicate treatment, but the underlying biology of dormancy remains poorly defined. The underlying biology is complex and likely to behave in unpredictable ways, making the generation of hypotheses based on intuitive understanding likely to be unsuccessful. When experiments are technically challenging or consume significant resources, as is the case for tumor dormancy, modeling emerges as an important tool that allows for the refinement of hypotheses without a reliance on intuition. Modeling can thus be key to identifying critical experiments that are most likely to prove fruitful in improving our understanding. Our data suggest that the frequency of EMT events may be the critical driver for determining whether micrometastatic tumors exit dormancy. Experimental efforts to test this idea could be very important to progress in the field.
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